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Abstract. There is a growing interest in predicting the gait motion of real subjects under vir-
tual conditions, e.g. to anticipate the result of surgery or to help in the design of prosthet-
ic/orthotic devices. To this end, the motion parameters can be considered as the design 
parameters of an optimization problem. In this context, determination of the joint efforts for a 
given motion is a required step for the subsequent evaluation of cost function and constraints, 
but force plates will not exist. In the double support phase of gait, the ground reaction forces 
include twelve unknowns, rendering the inverse dynamics problem indeterminate if no force 
plate data is available. In this paper, several methods for solving the inverse dynamics of the 
human gait during the double support phase, with and without using force plates, are pre-
sented and compared. 
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1 INTRODUCTION 
$JUHDWHIIRUWKDVEHHQGRQHE\ WKHELRPHFKDQLFVFRPPXQLW\ WRDQDO\]H WKHJDLWRI UHDO
VXEMHFWV>@8VXDOO\WKHSURFHGXUHVWDUWVZLWKWKHFDSWXUHRIWKHVXEMHFW¶VPRWLRQE\PHDQV
RIDQRSWLFDOV\VWHPDQGWKHPHDVXUHPHQWRIWKHJURXQGUHDFWLRQVWKURXJKIRUFHSODWHV7KHQ
WKHREWDLQHGSRVLWLRQVRIDQXPEHURIPDUNHUVVHUYH WRFDOFXODWH WKHKLVWRULHVRI WKHFRRUGL
QDWHVGHILQLQJDFRPSXWHUPRGHORIWKHVXEMHFW7KHVHGDWDDUHSURFHVVHGWRPLQLPL]HWKHHU
URUV DQG GLIIHUHQWLDWHG WR \LHOG WKH KLVWRULHV RI WKH FRRUGLQDWHV DW YHORFLW\ DQG DFFHOHUDWLRQ
OHYHO$WWKLVSRLQWWKHHTXDWLRQVRIPRWLRQRIWKHPRGHODUHVHWLQVRPHZD\IRUZDUGRULQ
YHUVHG\QDPLFVDQGWKHPXVFOHIRUFHVWKDWSURGXFHWKHMRLQWHIIRUWVDUHHVWLPDWHGWKURXJKRS
WLPL]DWLRQ WHFKQLTXHV GXH WR WKHLU UHGXQGDQW QDWXUH ,W FDQ EH VDLG WKDW WRGD\ WKLV ZKROH
SURFHVVKDVUHDFKHGDKLJKGHJUHHRIPDWXULW\DOWKRXJKWKHREWDLQHGYDOXHVRIWKHPXVFXODU
IRUFHVDUHQRWDOZD\VUHOLDEOH7KHUHVXOWVRIWKLVNLQGRIDQDO\VHVDUHDJRRGKHOSIRUPHGLFDO
DSSOLFDWLRQV
+RZHYHULQWKHODVW\HDUVWKHELRPHFKDQLFVFRPPXQLW\LVDWWHPSWLQJWRJRRQHVWHSIXU
WKHU WKHSUHGLFWLRQRI WKHJDLWPRWLRQRI UHDO VXEMHFWVXQGHUYLUWXDOFRQGLWLRQV >@ ,I WKLV
SUREOHPZDVVXFFHVVIXOO\VROYHGLWZRXOGEHH[WUHPHO\XVHIXOIRUWKHPHGLFDOZRUOGHJWR
DQWLFLSDWHWKHUHVXOWRIVXUJHU\RUWRKHOSLQWKHGHVLJQRISURVWKHWLFRUWKRWLFGHYLFHV
0XOWLERG\G\QDPLFVLVDVXLWDEOHWRROWRDGGUHVVWKHPHQWLRQHGFKDOOHQJH,QIDFWWKHG\
QDPLFEHKDYLRURIPDQ\FRPSOH[PDFKLQHVKDVEHHQVLPXODWHGIRUDORQJWLPHWKDQNVWRWKLV
GLVFLSOLQHE\VWDWLQJDQGVROYLQJWKHVRFDOOHGIRUZDUGG\QDPLFVSUREOHP7KHKXPDQERG\
FDQEHDOVRFRQVLGHUHGDPXOWLERG\V\VWHPDQGKHQFHLWVPRWLRQFDQLQSULQFLSOHEHVLPX
ODWHG LQ WKH VDPHZD\ 7KHUH LV KRZHYHU D NH\ GLIIHUHQFH EHWZHHQ WKH VLPXODWLRQ RIPD
FKLQHVDQGWKHVLPXODWLRQRIWKHKXPDQERG\LQWKHODWWHUFDVHWKHLQSXWVWRWKHV\VWHPLH
WKHPRWRUDFWLRQVDUHWKHUHVXOWRIWKHQHXURPXVFXODUDFWXDWLRQDQGKHQFHWKH\DUHXQNQRZQ
&RQVHTXHQWO\ IRUZDUGG\QDPLFVFDQQRWEHDSSOLHGDV LQPDQPDGHPDFKLQHV ,QVWHDG WZR
DSSURDFKHVFDQEDVLFDOO\EHIROORZHGD WRVWDWHDQRSWLPL]DWLRQSUREOHPVRDV WR ILQG WKH
PRVWOLNHO\PRWLRQRUPXVFXODUIRUFHVDFFRUGLQJWRVRPHREMHFWLYHIXQFWLRQXQGHUWKHFRUUH
VSRQGLQJFRQVWUDLQWVEWRUHSOLFDWHWKHQHXURPXVFXODUV\VWHPE\PHDQVRIDQLQWHOOLJHQWDO
JRULWKP >@ OLNH WKH VPDUW GULYHUV GR LQ WKH DXWRPRWLYH FDVH 8S WR QRZ WKH PXOWLERG\
FRPPXQLW\KDVFKRVHQWKHILUVWDSSURDFKDVFORVHUWRLWVH[SHULHQFHLQPHFKDQLFDOSUREOHPV
7KHSUHVHQWZRUNLVSDUWRIDSURMHFWDLPHGWRVLPXODWHWKHJDLWPRWLRQRILQFRPSOHWHVSLQDO
FRUGLQMXUHGVXEMHFWVZHDULQJDFWLYHRUWKRVHV7KHREMHFWLYHLVWRVLPXODWHWKHJDLWRIUHDODQG
VSHFLILF SDWLHQWVZKHQZHDULQJ RUWKRVHV WKDW KDYH QRW HYHQ EHHQ EXLOW 7KLV LV H[SHFWHG WR
VHUYHIRUWKHGHVLJQRUDGDSWDWLRQDQGWHVWLQJRIVXEMHFWWDLORUHGRUWKRVHVLQWKHFRPSXWHUVR
WKDWGLVWXUEDQFHWRSDWLHQWVLVPLQLPL]HG
7RVROYHWKLVSUREOHPWKHSODQLVWRIROORZWKHRSWLPL]DWLRQDSSURDFKLQGLFDWHGDERYH7KH
GHVLJQ YDULDEOHVZLOO EH HLWKHU WKHSDUDPHWHUV GHILQLQJ WKHPRWLRQ RI WKH SDWLHQW RU WKH SD
UDPHWHUVGHILQLQJWKHH[FLWDWLRQVRIKLVPXVFOHVZKLOHWKHREMHFWLYHIXQFWLRQZLOOEHWKHWRWDO
PHWDEROLFFRVWZKRVHFDOFXODWLRQUHTXLUHVWKHKLVWRULHVRIPXVFXODUIRUFHVWREHNQRZQ>@
,Q WKH ILUVWFDVH PRWLRQSDUDPHWHUVDVGHVLJQYDULDEOHV WKHFDOFXODWLRQRI WKHPXVFXODU
IRUFHVUHTXLUHVWKHMRLQWHIIRUWVWREHSUHYLRXVO\GHWHUPLQHGZKLFKLVQRWSRVVLEOHXQOHVVWKH
JURXQGUHDFWLRQVDUHREWDLQHGIRUWKHPRWLRQGHILQHGE\WKHFXUUHQWYDOXHRIWKHGHVLJQYDULD
EOHV 7KLV ODVW SUREOHP LH WR REWDLQ WKH JURXQG UHDFWLRQV IRU D JLYHQPRWLRQ LV QRW VXFK
ZKHQRQO\RQHIRRWLVLQFRQWDFWZLWKWKHJURXQGEXWLWVVROXWLRQEHFRPHVXQGHWHUPLQHGGXU
LQJWKHGRXEOHVXSSRUWSKDVH:KHQDFWXDOFDSWXUHGPRWLRQVDUHDQDO\]HGWKHPHQWLRQHGLQ
GHWHUPLQDF\LVRYHUFRPHE\WKHPHDVXUHPHQWRIJURXQGUHDFWLRQVE\PHDQVRIIRUFHSODWHVDV
H[SODLQHGDWWKHEHJLQQLQJRIWKLV,QWURGXFWLRQ+RZHYHUIRUFHSODWHVGRQRWH[LVWIRUWKHYLU
WXDOPRWLRQVJHQHUDWHGGXULQJWKHRSWLPL]DWLRQSURFHGXUH7KHUHIRUH WKHSUREOHPKHUH LV WR
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FDOFXODWHWKHJURXQGUHDFWLRQVIRUDJLYHQPRWLRQERWKGXULQJWKHVLQJOHDQGGRXEOHVXSSRUW
SKDVHVZLWKRXWPDNLQJXVHRIPHDVXUHPHQWVFRPLQJIURPWKHIRUFHSODWHV
,Q WKH VHFRQG FDVH H[FLWDWLRQ SDUDPHWHUV DV GHVLJQ YDULDEOHV WKH PXVFXODU IRUFHV DUH
VWUDLJKWIRUZDUGO\REWDLQHGIURPWKHH[FLWDWLRQVGHILQHGE\WKHFXUUHQWYDOXHRIWKHGHVLJQYDU
LDEOHV+RZHYHUDIRUFHFRQWDFWPRGHOLVUHTXLUHGIRUWKHIRRWJURXQGFRQWDFWLQRUGHUWRRE
WDLQWKHPRWLRQUHVXOWLQJIURPWKHH[FLWDWLRQVE\PHDQVRIIRUZDUGG\QDPLFV
7KHSUREOHPRIGHWHUPLQLQJWKHJURXQGUHDFWLRQVIRUDJLYHQPRWLRQZKHQIRUFHSODWHVDUH
QRWDYDLODEOHKDVSUHYLRXVO\EHHQDGGUHVVHGE\RWKHUDXWKRUV)RUH[DPSOH5HQHWDO>@LQ
WURGXFHWKHFRQFHSWRI6PRRWK7UDQVLWLRQ$VVXPSWLRQ67$ZKLFKEDVLFDOO\FRQVLVWVRIDG
MXVWLQJ D VPRRWK IXQFWLRQ IRU WKH GRXEOH VXSSRUW SKDVH EHWZHHQ WKH XQLTXHO\ GHWHUPLQHG
YDOXHVRIWKHJURXQGUHDFWLRQFRPSRQHQWVRIWKHVLQJOHVXSSRUWSKDVH+RZHYHUWKLVDSSURDFK
PD\QRW EH DSSOLFDEOHZKHQ WKHGXUDWLRQRI WKHGRXEOH VXSSRUW SKDVH UHSUHVHQWV D UHOHYDQW
SDUWRIWKHIXOOJDLWSHULRGDVLQVRPHFDVHVRISDWKRORJLFDOJDLW7KHUHIRUHDQDOWHUQDWLYHVR
OXWLRQLVSURSRVHGLQWKLVSDSHUZKLFKVHUYHVIRUWKHSUREOHPVDULVHQLQWKHWZRRSWLPL]DWLRQ
RSWLRQVFRQVLGHUHGLQWKHSUHYLRXVSDUDJUDSKV*LYHQWKHPRWLRQWKHLQYHUVHG\QDPLFVDOORZV
IRUWKHFDOFXODWLRQRIWKHUHVXOWDQWJURXQGUHDFWLRQIRUFHVDQGPRPHQWVGXULQJWKHZKROHSHUL
RG7KHQ WKHSDUDPHWHUVRID IRUFHFRQWDFWPRGHO LQERWKIHHWDUHFRQVLGHUHGDV WKHGHVLJQ
SDUDPHWHUVRIDQRSWLPL]DWLRQSURFHVV7KHREMHFWLYHIXQFWLRQWREHPLQLPL]HGLVGHILQHGDV
WKH GLIIHUHQFH EHWZHHQ WKH JURXQG UHDFWLRQV REWDLQHG WKURXJK LQYHUVH G\QDPLFV DQG WKH
JURXQGUHDFWLRQV\LHOGHGE\WKHIRUFHFRQWDFWPRGHO0RUHRYHUDQXOOYDOXHRIWKHUHDFWLRQLV
LPSRVHGWRHDFKIRRWZKHQLWLVQRWFRQWDFWLQJWKHJURXQG7KHSURSRVHGPHWKRGLVDSSOLHGWR
WKHFDSWXUHGPRWLRQRIDUHDOKHDOWK\VXEMHFWDQGWKHUHVXOWLQJJURXQGUHDFWLRQVDUHFRPSDUHG
ZLWKWKRVHPHDVXUHGE\IRUFHSODWHVLQRUGHUWRDVVHVVWKHLUDFFXUDF\
7KHSURSRVHGPHWKRGVKRZVVRPHVLPLODULWLHVZLWKWKHZRUNE\0LOODUGHWDO>@ZKRDG
GUHVVWKHSUREOHPRIREWDLQLQJDIRRWJURXQGFRQWDFWPRGHOWKDWPD\EHXVHGZLWKLQDSUHGLF
WLYHRSWLPL]DWLRQVFKHPHEDVHGRQIRUZDUGG\QDPLFVDQDO\VHV+RZHYHUWKHVHDXWKRUVGHILQH
DSODQDUPRGHOQRWD'RQHDQGWU\WRWXQHWKHFRQWDFWPRGHOSDUDPHWHUVWRUHSURGXFHWKH
QRUPDO DQG WDQJHQWLDO IRUFHV EXW GR QRW FRQVLGHU WKH UHDFWLRQ PRPHQWV 0RUHRYHU WKH\
PHDVXUHWKHUHDOFRQWDFWIRUFHVE\PHDQVRIIRUFHSODWHVLQVWHDGRIFDOFXODWLQJWKHPIURPWKH
FDSWXUHGPRWLRQWKURXJKDQLQYHUVHG\QDPLFVDQDO\VLVZKLFKLVFRQVLVWHQWZLWKWKHREMHFWLYH
WKH\ZHUHSXUVXLQJ
7KHSDSHULVRUJDQL]HGDVIROORZV6HFWLRQGHVFULEHVWKHH[SHULPHQWWKHPHDVXUHPHQWV
FDUULHGRXWWKHFRPSXWDWLRQDOPRGHORIWKHVXEMHFWWKHDSSOLHGVLJQDOSURFHVVLQJDQGWKHLQ
YHUVHG\QDPLFVIRUPXODWLRQ6HFWLRQH[SODLQV WKHGLIIHUHQWVROXWLRQVIRU WKHGRXEOHVWDQFH
SUREOHP6HFWLRQVKRZVWKHREWDLQHGUHVXOWVDQGWKHLUGLVFXVVLRQ)LQDOO\6HFWLRQJDWKHUV
WKHFRQFOXVLRQVRIWKHZRUN
2 EXPERIMENT, MEASUREMENTS, MODEL, SIGNAL PROCESSING, AND 
FORMULATION. 
$KHDOWK\DGXOWPDOHRIDJHPDVVNJDQGKHLJKWFPKDVEHHQGUHVVHGZLWKD
VSHFLDOVXLWZKHUHSDVVLYHUHIOHFWLYHPDUNHUVKDYHEHHQDWWDFKHGDVLOOXVWUDWHGLQ)LJD
)RU WKH H[SHULPHQW WKH VXEMHFWZDONV RQ DZDONZD\ZLWK WZR HPEHGGHG$07,$FFX*DLW
IRUFHSODWHVORFDWHGLQVXFKDZD\WKDWHDFKSODWHPHDVXUHVWKHJURXQGUHDFWLRQVRIRQHIRRW
GXULQJ D JDLW F\FOH 7KHPRWLRQ LV FDSWXUHG E\ DQ RSWLFDO V\VWHP FRPSRVHG E\  1DWXUDO
3RLQW2SWL7UDFN)/(;9FDPHUDVDQGLWVVRIWZDUHZKLFKSURYLGHVWKH'WUDMHFWRULHVRI
WKHPDUNHUV
$'FRPSXWDWLRQDOPRGHORIWKHVXEMHFWKDVEHHQGHYHORSHGLQPL[HGQDWXUDOUHODWLYH
FRRUGLQDWHV7KHPRGHOVKRZQLQ)LJESRVVHVVHVERGLHVDQGGHJUHHVRIIUHHGRP
DQG LW LVGHILQHGE\GHSHQGHQWFRRUGLQDWHV8QOLNH WKH'PRGHOVSURSRVHGE\ VHYHUDO
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DXWKRUV> @ WKH SUHVHQWPRGHO GRHV QRW XVH WKH+HDG$UPV7UXQN +$7 VLPSOLILFDWLRQ
7KHUHDVRQLVWKDWLWLVH[SHFWHGWKDWWKHXSSHUOLPEVSOD\DUHOHYDQWUROHLQWKHJDLWRILQFRP
SOHWH VSLQDOFRUG LQMXUHG VXEMHFWVZKRDUH WKH ILQDO WDUJHWRI WKHSURMHFW$OO WKHERG\ VHJ
PHQWV DUH FRQQHFWHG E\ VSKHULFDO MRLQWV LQ WKHPRGHO VR DV WR FLUFXPYHQW WKH SUREOHP RI
GHWHUPLQLQJWKHURWDWLRQD[HV(DFKIRRWLVGHILQHGE\PHDQVRIWZRVHJPHQWV)ROORZLQJWKH
SLFWXUHLQ)LJEWKHFRRUGLQDWHVRIWKHV\VWHPDUHFRPSRVHGE\WKHWKUHH&DUWHVLDQFRRUGL
QDWHVRIDOOWKHSRLQWVDWWKHVSKHULFDOMRLQWVSOXVWKHSRLQWVDWWKHFHQWHUVRIPDVVRIWKHILYH
GLVWDOVHJPHQWVKHDGKDQGVDQGIRUHIHHWWKHWKUHH&DUWHVLDQFRPSRQHQWVRIWZRRUWKRJRQDO
XQLWYHFWRUVDWHDFKERG\UHGDQGJUHHQYHFWRUVLQ)LJEWKHWKUHHDQJOHVWKDWGHILQHWKH
SHOYLVRULHQWDWLRQZLWKUHVSHFWWRWKHLQHUWLDOIUDPHDQGWKH[DQJOHVWKDWGHILQHWKH
UHODWLYHRULHQWDWLRQRIHDFKERG\ZLWK UHVSHFW WR WKHSUHYLRXVRQH LQ WKHRSHQFKDLQV\VWHP
ZLWKEDVHLQWKHSHOYLV
7KHJHRPHWULFSDUDPHWHUVRIWKHPRGHODUHREWDLQHGIRUWKHORZHUOLPEVE\DSSO\LQJFRU
UHODWLRQHTXDWLRQVIURPDUHGXFHGVHWRIPHDVXUHPHQWVWDNHQRQWKHVXEMHFWDQGIRUWKHXSSHU
SDUWRIWKHERG\E\VFDOLQJWDEOHGDWDDFFRUGLQJWRWKHPDVVDQGKHLJKWRIWKHVXEMHFW5HJDUG
LQJWKHLQHUWLDOSDUDPHWHUV WKH\DUHREWDLQHGIRUWKHORZHUOLPEVE\DFRUUHFWLRQEDVHGRQ
GDWDFRPLQJIURPGHQVLWRPHWU\LIDYDLODEOHRIWKHPHWKRGDOUHDG\LQGLFDWHGIRUWKHJHRPHWULF
SDUDPHWHUVIRUWKHXSSHUSDUWRIWKHERG\WKHVFDOLQJPHWKRGLVXVHGDJDLQEXWDVHFRQGVFDO
LQJLVDSSOLHGLQRUGHUWRDGMXVWWKHWRWDOPDVVRIWKHVXEMHFW

 
)LJXUHD0DUNHUVORFDWLRQE&RPSXWDWLRQDOPRGHO
7R UHGXFH WKH QRLVH GXH WR WKHPRWLRQ FDSWXUH SURFHVV WKH 6LQJXODU 6SHFWUXP$QDO\VLV
66$ILOWHULVDSSOLHGWRWKHSRVLWLRQKLVWRULHVRIWKHPDUNHUVZKLFKDUHWKHQXVHGWRFDOFXODWH
WKHKLVWRULHVRIWKHPRGHOQDWXUDOFRRUGLQDWHVE\PHDQVRIVLPSOHDOJHEUDLFUHODWLRQV7KHYDO
XHVRIWKHVHFRRUGLQDWHVDWHDFKLQVWDQWRIWLPHDUHQRWNLQHPDWLFDOO\FRQVLVWHQWGXHWRWKHLQ
KHUHQW HUURUV RI WKH PRWLRQ FDSWXUH SURFHVV 7KHUHIRUH WKH NLQHPDWLF FRQVLVWHQF\ RI WKH
QDWXUDOFRRUGLQDWHVDWSRVLWLRQOHYHOLVLPSRVHGDWHDFKLQVWDQWRIWLPHE\PHDQVRIWKHIRO
ORZLQJDXJPHQWHG/DJUDQJLDQPLQLPL]DWLRQSURFHVV>@
      7  7
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ZKHUH 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RI/DJUDQJHPXOWLSOLHUVD LVWKHSHQDOW\IDFWRUDQGW LVDZHLJKWLQJPDWUL[WKDWDOORZVWR
DVVLJQGLIIHUHQWZHLJKWVWRWKHGLIIHUHQWFRRUGLQDWHVDFFRUGLQJWRWKHLUH[SHFWHGHUURUV
)URPWKHFRQVLVWHQWYDOXHVRIWKHQDWXUDOFRRUGLQDWHVDVHWRILQGHSHQGHQWFRRUGLQDWHVzLV
FDOFXODWHGWKHWKUHH&DUWHVLDQFRRUGLQDWHVRIWKHVSKHULFDOMRLQWFRQQHFWLQJSHOYLVDQGWRUVR
DORQJZLWKWKHWKUHHxyz URWDWLRQDQJOHVZLWKUHVSHFW WRWKHIL[HGJOREDOD[HVDUHXVHGWR
GHILQHWKHSHOYLVSRVLWLRQDQGRULHQWDWLRQZKLOHWKHMRLQWUHODWLYHFRRUGLQDWHVDUHXVHGWRGH
ILQHWKHUHPDLQLQJERGLHVRIWKHPRGHOLQDWUHHOLNHVWUXFWXUH
3ULRU WRGLIIHUHQWLDWH WKHKLVWRULHVRI WKH LQGHSHQGHQW FRRUGLQDWHV z WKH66$ ILOWHU LV DS
SOLHGWRWKHPLQRUGHUWRUHGXFHWKHQRLVHLQWURGXFHGE\WKHNLQHPDWLFFRQVLVWHQF\7KHQWKH
1HZPDUN¶V LQWHJUDWRU H[SUHVVLRQV DUH XVHG WR QXPHULFDOO\GLIIHUHQWLDWH WKH ILOWHUHGSRVLWLRQ
KLVWRULHVVRDVWRREWDLQWKHFRUUHVSRQGLQJYHORFLW\DQGDFFHOHUDWLRQKLVWRULHV>@
2QFHWKHKLVWRULHVRI WKHLQGHSHQGHQWFRRUGLQDWHVzDQGWKHLUGHULYDWLYHV z DQG z KDYH
EHHQ REWDLQHG WKH LQYHUVH G\QDPLFV SUREOHP LV VROYHG E\PHDQV RI WKH YHORFLW\ WUDQVIRU
PDWLRQIRUPXODWLRQNQRZQDVPDWUL[5>@ZKLFKSURYLGHVWKHPRWRUHIIRUWVUHTXLUHGWRJHQ
HUDWH WKHPRWLRQ+RZHYHU VLQFH VXFKPRWRU HIIRUWV DUH REWDLQHG DV DQ H[WHUQDO IRUFH DQG
WRUTXHDFWLQJRQWKHSHOYLVDQGWKHFRUUHVSRQGLQJLQWHUQDOMRLQWWRUTXHV WKH\DUHQRWWKHWUXH
JURXQGUHDFWLRQIRUFHDQGWRUTXHDQGWKHWUXHMRLQWWRUTXHVDVORQJDVWKHWUXHH[WHUQDOIRUFH
DQGWRUTXHPXVWEHDSSOLHGDWWKHIRRWRUIHHWFRQWDFWLQJWKHJURXQGQRWDWWKHSHOYLV$Q\ZD\
DVLPSOHOLQHDUUHODWLRQFDQEHHVWDEOLVKHGEHWZHHQWKHWZRVHWVRIPRWRUHIIRUWVLWLVREWDLQHG
E\HTXDWLQJWKHYHFWRURIJHQHUDOL]HGIRUFHVGXHWRWKHVHWRIIRUFHDQGWRUTXHVZLWKWKHSHOYLV
DVEDVHERG\DQGWKHYHFWRURIJHQHUDOL]HGIRUFHVGXHWRWKHIRUFHIRUFHVDQGWRUTXHVZLWKWKH
IRRWIHHWDVEDVHERG\ERGLHV


)LJXUH*URXQGUHDFWLRQVFDOFXODWHGWKLFNOLQHDQGPHDVXUHGWKLQOLQH
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)LJVKRZVWKHFRUUHODWLRQEHWZHHQWKHJURXQGUHDFWLRQIRUFHDQGPRPHQWFRPSRQHQWV
FDOFXODWHG DQG PHDVXUHG 7KH UHDFWLRQ IRUFH DQG PRPHQW FRPSRQHQWV FRPLQJ IURP ERWK
SODWHVKDYHEHHQDGGHGDQGWKHUHVXOWVSORWWHGVR WKDW WKH\FDQEHFRPSDUHGZLWK WKHVDPH
WHUPVREWDLQHGIURPLQYHUVHG\QDPLFV7KHSORWVVWDUWDWWKHWRHRIIRIWKHULJKWIRRWDQGILQLVK
DWWKHKHHOVWULNHRIWKHVDPHIRRW7KHWZRYHUWLFDOOLQHVGHOLPLWDWHWKHGRXEOHVXSSRUWSKDVH
LQZKLFKWKHLQYHUVHG\QDPLFVFDQRQO\SURYLGHWKHDGGLWLRQRIWKHIRUFHDQGPRPHQWFRPSR
QHQWVGXHWRERWKIHHW+RZHYHUGXULQJWKHVLQJOHVXSSRUWSKDVHWKHLQYHUVHG\QDPLFVSUR
YLGHVWKHIRUFHDQGPRPHQWDWWKHFRQWDFWLQJIRRW

3 SOLUTION OF THE DOUBLE STANCE PROBLEM 
3.1 Using reactions from force plates 
7KHPRVWFRPPRQZD\WRFDOFXODWHWKHMRLQWWRUTXHVGXULQJDJDLWF\FOHLQFOXGLQJGRXEOH
VXSSRUWLVWRPHDVXUHWKHJURXQGUHDFWLRQIRUFHVDQGPRPHQWVE\PHDQVRIIRUFHSODWHV7KHQ
WKHVHPHDVXUHGUHDFWLRQVFDQEHXVHGDV WKHLQSXWVRIDQLQYHUVHG\QDPLFVSUREOHP7KLV LV
WKHRQO\VROXWLRQZKHQRQO\ WKH ORZHU OLPEVDUH FRQVLGHUHG LQ WKH VWXG\ WKH1HZWRQ(XOHU
HTXDWLRQVFDQEHVROYHGIURPWKHIHHWWRWKHKLSVDQGQRNQRZOHGJHDERXWZKDWKDSSHQVZLWK
WKHXSSHUSDUWRIWKHERG\LVQHHGHG
,Q FDVH WKHZKROH ERG\ LV FRQVLGHUHG D UHVXOWDQW UHDFWLRQ YHFWRUR ZKLFK LQFOXGHV WKH
WKUHHFRPSRQHQWVRIERWKWKHH[WHUQDOUHDFWLRQIRUFHDQGPRPHQWFDQEHREWDLQHGE\VROYLQJ
WKH LQYHUVH G\QDPLFV SUREOHP VWDWHG LQ 6HFWLRQ 7KLV UHVXOWDQW UHDFWLRQZLOO QRW FRLQFLGH
ZLWKWKDWPHDVXUHGDWWKHIRUFHSODWHVRFGXHWRWKHHUURUVDFFXPXODWHGLQWKHHVWLPDWLRQRI
WKHERG\VHJPHQWSDUDPHWHUVDQGWKHPRWLRQFDSWXUHDQGWKHPHDVXUHPHQWHUURURIWKHIRUFH
SODWHVWKHPVHOYHV7KLVPHDQVWKDWWKHLQYHUVHG\QDPLFVUHVXOWVDUHLQFRQVLVWHQWZLWKWKHIRUFH
SODWHPHDVXUHPHQWV+RZHYHUWKHVHIRUFHSODWHPHDVXUHPHQWVFDQVWLOOEHXVHGDVDQLQSXWIRU
WKHVROXWLRQRIWKHGRXEOHVXSSRUWSUREOHPVLQFHWKHLUVKDSHVFRQWDLQLQIRUPDWLRQDERXWKRZ
WKH WRWDO UHDFWLRQ LV WUDQVIHUUHG IURP WKH WUDLOLQJ IRRW WR WKH OHDGLQJ IRRW$ VROXWLRQ WR WKLV
SUREOHPZRXOGEHWRFRPELQHWKHUHVXOWVIURPLQYHUVHG\QDPLFVZLWKWKHPHDVXUHGUHDFWLRQV
LQDOHDVWVTXDUHVHQVH>@EXWWKLVZRXOGPRGLI\WKHUHVXOWLQJPRWLRQ,QRUGHUWRSUHVHUYH
WKHNLQHPDWLFVDVLPSOHUDOWHUQDWLYHPHWKRGLVKHUHSUHVHQWHG
7KHUHVLGXDOEHWZHHQWKHUHDFWLRQVREWDLQHGIURPLQYHUVHG\QDPLFVDQGWKRVHPHDVXUHGE\
IRUFHSODWHVε=R-RFFDQEHVSOLWDQGDGGHGWRHDFKRIWKHIRUFHSODWHUHDFWLRQVWRPDNHWKHLU
UHVXOWDQWFRQVLVWHQWZLWKWKHLQYHUVHG\QDPLFVWKXVDVVXPLQJWKDWDOOWKHUHVLGXDOFRPHVIURP
HUURUVLQWKHUHDFWLRQPHDVXUHPHQW,QRUGHUWRDYRLGGLVFRQWLQXLWLHVDWKHHOVWULNHDQGWRHRII
WKHFRUUHFWLRQLVVSOLWEHWZHHQERWKIRUFHSODWHVE\XVLQJDOLQHDUO\YDU\LQJIXQFWLRQκ
 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ZKHUHRDQGRDUHWKHUHDFWLRQVDW WKHWUDLOLQJDQGOHDGLQJIRRWUHVSHFWLYHO\DQGRFDQG
RFDUHWKH\IRUFHSODWHFRXQWHUSDUWV7KLVOHDGVWRDVHWRIUHDFWLRQVDWHDFKIRRWWKDWLVFORVH
WRWKHIRUFHSODWHUHVXOWVEXWNHHSLQJWKHFRQVLVWHQF\ZLWKLQYHUVHG\QDPLFV7KLVPHDQVWKDW
WKHIRUFHSODWHLQIRUPDWLRQLVXVHGRQO\IRUDSSUR[LPDWLQJWKHWUDQVLWLRQRIWKHUHDFWLRQVLQ
VWHDGRIDVDQLQSXWRIWKHLQYHUVHG\QDPLFVSUREOHP
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3.2 The smooth transition assumption (STA) 
,QFDVHQR IRUFHSODWHGDWD LV DYDLODEOH WKHJURXQG UHDFWLRQ IRUFHV DQGPRPHQWV DW HDFK
IRRWFDQEHGHWHUPLQHGE\XVLQJDUHDVRQDEOHWUDQVLWLRQFULWHULRQ$QH[DPSOHRIWKLVW\SHRI
SURFHGXUHVLVWKHsmooth transition assumption67$SURSRVHGE\5HQHWDO>@7KLVDOJR
ULWKPLVEDVHGRQWKHDVVXPSWLRQWKDWWKHUHDFWLRQIRUFHVDQGPRPHQWVDWWKHWUDLOLQJIRRWGH
FD\DFFRUGLQJ WRDFHUWDLQ ODZDORQJ WKHGRXEOHVXSSRUWSKDVH7KHPHWKRGXVHV WZRVKDSH
IXQFWLRQV fxtDQG ft WKDWDSSUR[LPDWH WKHVKDSHRI WKHUHDFWLRQVDW WKH WUDLOLQJIRRWGXULQJ
WKHGRXEOHVXSSRUWSKDVHE\XVLQJDFRPELQDWLRQRIH[SRQHQWLDODQGOLQHDUIXQFWLRQVZKRVH
SDUDPHWHUVDUHREWDLQHGE\WULDODQGHUURU7KHILUVWIXQFWLRQfxLVXVHGIRUWKHDQWHURSRVWHULRU
UHDFWLRQ IRUFHZKHUHDV WKH VHFRQG IXQFWLRQ f LVXVHG WRPRGHO WKH VKDSHRI WKH UHPDLQLQJ
ILYHFRPSRQHQWV7KXVWKHDQWHURSRVWHULRUUHDFWLRQIRUFHR1xLVREWDLQHGDV
       x x x HSR t f t R t  
ZKHUHfxLVDIXQFWLRQZKRVHYDOXHLVDWWKHKHHOVWULNHRIWKHOHDGLQJIRRWDQGDWWKHWRH
RIIRIWKHWUDLOLQJIRRWDQGtHSLVWKHWLPHLQVWDQWDWWKHKHHOVWULNHRIWKHOHDGLQJIRRWLHWKH
HQGRIWKHVLQJOHVXSSRUWSKDVH
)RUWKHUHPDLQLQJILYHFRPSRQHQWVRI WKHJURXQGUHDFWLRQWKHSURFHGXUHLV WKHVDPHEXW
XVLQJWKHVHFRQGVPRRWKLQJIXQFWLRQf DQGWKHYDOXHRIWKHFRUUHVSRQGLQJFRPSRQHQWDWKHHO
VWULNH,QRUGHUIRUWKHVPRRWKLQJIXQFWLRQWRFRUUHFWO\PLPLFWKHGHFD\RIWKHUHDFWLRQPR
PHQWVWKHUHDFWLRQIRUFHVPXVWEHFRQVLGHUHGDVDSSOLHGDWWKHUHVSHFWLYHFHQWHUVRIJUDYLW\RI
HDFKIRRW2QFHWKHUHDFWLRQVDORQJWKHVXSSRUWSKDVHDUHHVWLPDWHGIRUWKHWUDLOLQJIRRWWKHLU
FRXQWHUSDUWVDWWKHOHDGLQJIRRWDUHWKHUHVXOWRIIRUFLQJWKHUHVXOWDQW WREHHTXLYDOHQW WRWKH
WRWDOUHDFWLRQRJLYHQE\WKHLQYHUVHG\QDPLFV
3.3 Force contact model with optimization 
8VLQJDQDVVXPHGWUDQVLWLRQFXUYHWRGHWHUPLQHWKHUHDFWLRQVKDULQJLQWKHDEVHQFHRIIRUFH
SODWHVFDQEHDJRRGDSSUR[LPDWLRQLQQRUPDOJDLWDSSOLFDWLRQV+RZHYHUWKH67$DQGVLPL
ODUPHWKRGVDUHEDVHGRQWKHDVVXPSWLRQWKDWWKHGRXEOHVXSSRUWSKDVHLVVKRUWLQFRPSDULVRQ
WRWKHF\FOHSHULRGDQGWKDWWKHUHDFWLRQVDWWRHRIIEHKDYHLQDFHUWDLQZD\ZKLFKKDVEHHQ
SUHYLRXVO\REVHUYHGIURPQRUPDOJDLWPHDVXUHPHQWV,QSDWKRORJLFDOJDLWQHLWKHURIWKHVHDV
VXPSWLRQVLVWUXHVLQFHRQWKHRQHKDQGWKHGRXEOHVXSSRUWSKDVHPD\EHHYHQORQJHUWKDQ
WKHVZLQJSKDVHDQGRQWKHRWKHUKDQGWKHIRUFHWUDQVIHUEHWZHHQERWKIHHWLVXQNQRZQ$
SRVVLEOHZD\WRREWDLQWKHJURXQGUHDFWLRQIRUFHVDWHDFKIRRWIURPLQYHUVHG\QDPLFVFDQEH
WKHXVDJHRIDIRRWJURXQGFRQWDFWPRGHO
7RPRGHO WKHIRRWJURXQGFRQWDFWDSRLQW IRUFHPRGHO WKDWSURYLGHV WKHFRQWDFW IRUFHDV
IXQFWLRQ RI WKH LQGHQWDWLRQ EHWZHHQ WKH WZR FRQWDFWLQJ VXUIDFHV LV XVHG 7KH WRWDO FRQWDFW
IRUFH LVGLYLGHGLQWR WKHQRUPDODQGWDQJHQWLDOFRPSRQHQWV7KHQRUPDOFRPSRQHQW IROORZV
WKHPRGHOSURSRVHGE\/DQNDUDQLDQG1LNUDYHVK>@ZKLOHWKHWDQJHQWLDOFRPSRQHQWLVWKH
EULVWOHW\SHPRGHOSURSRVHGE\'RSLFRHWDO >@7KHFRUUHVSRQGLQJSDUDPHWHUVDUHGHVLJQ
YDULDEOHV RI WKHRSWLPL]DWLRQ SURFHVV7KH IRRW VXUIDFH LV DSSUR[LPDWHG E\ VHYHUDO VSKHUHV
ZKRVHSRVLWLRQVDQGUDGLLDUHDOVRGHVLJQYDULDEOHVRIWKHRSWLPL]DWLRQSURFHVV
7KHREMHFWLYHLVWRDGMXVWWKHSRVLWLRQDQGVL]HRIWKHVSKHUHVDQGWKHFRQWDFWIRUFHSDUDPH
WHUVVRWKDWWKHJURXQGUHDFWLRQVSURYLGHGE\WKHLQYHUVHG\QDPLFVDUHUHSURGXFHGE\WKHFRQ
WDFWPRGHO'XULQJWKHVLQJOHVXSSRUWSKDVHWKHFRQWDFWLQJIRRWLVUHVSRQVLEOHIRUSURYLGLQJ
WKHJURXQG UHDFWLRQ IRUFHDQG WRUTXHREWDLQHG IURP LQYHUVHG\QDPLFV+RZHYHUGXULQJ WKH
GRXEOHVXSSRUW SKDVH ERWK IHHW FRQWULEXWH WR SURGXFH WKH WRWDO JURXQG UHDFWLRQ IRUFH DQG
WRUTXHREWDLQHGIURPLQYHUVHG\QDPLFV
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7KHUHIRUHWKHRSWLPL]DWLRQSUREOHPLVVWDWHGDVIROORZVILQGWKHIRUFHFRQWDFWSDUDPHWHUV
DQGWKHSRVLWLRQDQGVL]HRIWKHVSKHUHVDSSUR[LPDWLQJWKHIHHWVXUIDFHVVRWKDWWKHHUURUEH
WZHHQWKHJURXQGUHDFWLRQIRUFHDQGWRUTXHFRPSRQHQWVSURYLGHGE\WKHLQYHUVHG\QDPLFVDQG
WKHFRQWDFWPRGHOLVPLQLPL]HG8SSHUDQGORZHUERXQGDULHVDUHVHWIRUHDFKGHVLJQYDULDEOH
0RUHRYHUDQXOOYDOXHRI WKHUHDFWLRQLV LPSRVHGWRHDFKIRRWZKHQLW LVQRWFRQWDFWLQJWKH
JURXQG7KH LQWURGXFWLRQ RI WKLV ODVW FRQVWUDLQW UHTXLUHV WKH WUDQVLWLRQ WLPHV EHWZHHQ VLQJOH
DQGGRXEOHVXSSRUWWREHGHWHUPLQHGZKLFKKDVEHHQGRQHE\XVLQJWKHIRUFHSODWHGDWD,Q
FDVHQRIRUFHSODWHGDWDZHUHDYDLODEOHDPHWKRGEDVHGRQNLQHPDWLFVVXFKDV WKHFoot Ve-
locity Algorithm)9$>@FRXOGEHXVHGIRUWKDWSXUSRVH


)LJXUH)HHWPRGHOVGXULQJWKHRSWLPL]DWLRQSURFHVVULJKWIRRWEOXHVROLGOLQHOHIWIRRWEOXHGDVKHGOLQH
7RVSHHGXS WKHRSWLPL]DWLRQSURFHVVRQO\ WKHPRGHOVRI WKH WZR IHHWDUHXVHG IRUHDFK
IXQFWLRQHYDOXDWLRQDVLOOXVWUDWHGLQ)LJ,QGHHGVLQFHWKHPRWLRQVRIWKHIHHWDUHNQRZQ
DQGWKHIRUFHVLQWURGXFHGE\WKHFRQWDFWPRGHORQO\GHSHQGRQWKHLQGHQWDWLRQKLVWRULHVGHDO
LQJZLWKWKHZKROHKXPDQERG\PRGHOLVQRWUHTXLUHG7KHSLFWXUHLQ)LJLVDSURMHFWLRQ
RQWKHVDJLWWDOSODQHRIWKH'IHHWPRGHOV)RUHDFKIRRWWKHUHGUHIHUHQFHIUDPHVDUHULJLGO\
FRQQHFWHGWRWKHKHHODQGWRHVHJPHQWVUHVSHFWLYHO\WKUHHVSKHUHVEHORQJWRWKHKLQGIRRWDQG
WKHIRXUWKRQHLVSDUWRIWKHIRUHIRRW
7KH HYROXWLYH RSWLPL]DWLRQ PHWKRG NQRZQ DV Covariance Matrix Adaptation Evolution 
Strategy&0$(6>@KDVEHHQDSSOLHG$0DWODEIXQFWLRQFRQWDLQLQJWKHLPSOHPHQWDWLRQ
RIWKHDOJRULWKPKDVEHHQGRZQORDGHGIURPZZZOULIUaKDQVHQ%HLQJDQHYROXWLYHRSWLPL
]DWLRQPHWKRG LW GRHV QRW UHTXLUH WKDW IXQFWLRQ HYDOXDWLRQV DUH VHTXHQWLDOO\ H[HFXWHG WKXV
HQDEOLQJ WKHSURFHVV WREHSDUDOOHOL]HG&RQVHTXHQWO\ WKH&0$(6 IXQFWLRQ LV SUHSDUHG WR
VLPXOWDQHRXVO\ VHQG VHYHUDO VHWV RI GHVLJQ YDULDEOHV DUUDQJHG DV FROXPQV LQ DPDWUL[ IRU
WKHLUUHVSHFWLYHYDOXHVRIWKHREMHFWLYHIXQFWLRQWREHFDOFXODWHG$0DWODEIXQFWLRQKDVEHHQ
GHYHORSHGE\WKHDXWKRUVWKDWUHFHLYHVDPDWUL[ZLWKDVPDQ\FROXPQVVHWVRIGHVLJQYDULD
EOHVDVDYDLODEOHSDUDOOHOSURFHVVRUVDQGUHWXUQVDURZYHFWRUZLWKWKHFRUUHVSRQGLQJYDOXHV
RIWKHREMHFWLYHIXQFWLRQ7KLVIXQFWLRQPDNHVXVHRIWKHParallel Computing ToolboxWKURXJK
WKHparfor VWDWHPHQW LQRUGHU WRSHUIRUP WKHPXOWLSOH IXQFWLRQHYDOXDWLRQV LQSDUDOOHO(DFK
IXQFWLRQHYDOXDWLRQ LVFDUULHGRXWE\D)RUWUDQFRGHSDFNHGLQWRD0(;ILOH WKDWFDOFXODWHV
WKHJURXQGUHDFWLRQVGXHWRWKHFRQWDFWPRGHODQGREWDLQVWKHHUURUZLWKUHVSHFWWRWKHLQYHUVH
G\QDPLFVUHVXOWV
7KHPHWKRGGHVFULEHGVRIDULVDJHQHUDODSSURDFK+RZHYHUWREHJLQZLWKDVLPSOHUYHU
VLRQKDVEHHQLPSOHPHQWHGLQWKLVZRUN)RXUVSKHUHVKDYHEHHQFRQVLGHUHGIRUHDFKIRRW7KH
GHVLJQYDULDEOHVDUHWKHIROORZLQJILYHSDUDPHWHUVIRUHDFKVSKHUHxDQGy ORFDOSRVLWLRQRI
WKHVSKHUHFHQWHUIRUDJLYHQzEOXHYHFWRUVLQ)LJEVSKHUHUDGLXVrVWLIIQHVVKDQGUHVWL
WXWLRQFRHIILFLHQWceRIWKH/DQNDUDQL1LNUDYHVKQRUPDOFRQWDFWIRUFHPRGHO>@7KLVPDNHV
DWRWDORIGHVLJQYDULDEOHV5HJDUGLQJWKHREMHFWLYHIXQFWLRQRQO\WKH506HUURUVGXHWR
WKHGLVFUHSDQFLHVEHWZHHQWKHQRUPDOIRUFHDQGWKHORQJLWXGLQDODQGODWHUDOPRPHQWVSURYLGHG
E\LQYHUVHG\QDPLFVDQGWKHIRUFHFRQWDFWPRGHODUHWDNHQLQWRDFFRXQWWKLVEHLQJHTXLYDOHQW
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WRDGMXVWWKHQRUPDOIRUFHDQGWKHFHQWHURISUHVVXUH$OOWKHWKUHHPHQWLRQHGWHUPVRIWKHRE
MHFWLYHIXQFWLRQDUHDIIHFWHGE\ZHLJKWLQJIDFWRUVLQRUGHUWREDODQFHWKHLUGLIIHUHQW
VFDOHV7KHQXOOYDOXHUHDFWLRQDWHDFKIRRWZKHQLWLVQRWFRQWDFWLQJWKHJURXQGLVLPSRVHGE\
UHWXUQLQJD1RWD1XPEHU1D1YDOXHRIWKHREMHFWLYHIXQFWLRQZKHQWKLVFRQGLWLRQLVYLRODW
HGDVUHTXLUHGE\WKH&0$(6DOJRULWKP
4 RESULTS AND DISCUSSION
)LJVKRZVWKHIRUFHSODWHUHDFWLRQVPRGLILHGDFFRUGLQJWRWKHSURFHGXUHGHVFULEHGLQ
6HFWLRQ)3PYHUVXVWKHLUXQPRGLILHGFRXQWHUSDUWV)37KHxyDQGzD[HVFRUUHVSRQG
WRWKHDQWHURSRVWHULRUPHGLRODWHUDODQGYHUWLFDOGLUHFWLRQVUHVSHFWLYHO\,Q)LJWKHUHVXOWV
REWDLQHGE\DSSO\LQJWKH67$DUHGLVSOD\HGDQGFRPSDUHGWRWKHVDPHUHIHUHQFH,WFDQEH
REVHUYHG WKDW WKH 67$ DSSUR[LPDWHV WKH UHDFWLRQV RI WKH WUDLOLQJ IRRW WRHRII EHWWHU WKDQ
WKRVHDWWKHOHDGLQJIRRWZKLFKLVVRPHWKLQJWREHH[SHFWHGGXHWRWKHQDWXUHRIWKHPHWKRG
6KDULQJWKHUHVLGXDOEHWZHHQIRUFHSODWHVDQGLQYHUVHG\QDPLFVDPRQJERWKIHHW)3P\LHOGV
ZRUVHUHVXOWVWKDQ67$DWWKHWUDLOLQJIRRWEXWWKHRYHUDOOUHVXOWVDUHEHWWHUVLQFHWKHPD[L
PXPHUURULVERXQGHGE\WKHUHVLGXDOε

)LJXUH*URXQGUHDFWLRQFRPSRQHQWV)3PWKLFNOLQHVYV)3WKLQOLQHVxFRPSRQHQWEOXHyFRPSRQHQW
JUHHQzFRPSRQHQWUHG
7KHUHVXOWVREWDLQHGIURPWKHFRQWDFWPRGHO&0DUHVKRZQLQ)LJ)LJDSORWVWKH
WRWDOQRUPDOFRQWDFWIRUFHSURYLGHGE\LQYHUVHG\QDPLFV,'WKHWZRQRUPDOFRQWDFWIRUFHV
\LHOGHGE\WKHFRQWDFWPRGHOVRIWKHIHHWWKHLUDGGLWLRQDQGWKHQRUPDOFRQWDFWIRUFHVPHDV
XUHGE\WKHIRUFHSODWHVGXULQJWKHH[SHULPHQW7KHSORWVVWDUWDWWKHWRHRIIRIWKHULJKWIRRW
DQG ILQLVK DW WKHKHHOVWULNH RI WKH VDPH IRRW7KH JUH\ DUHDGHOLPLWDWHV WKHGRXEOHVXSSRUW
SKDVHLQZKLFKWKHLQYHUVHG\QDPLFVFDQRQO\SURYLGHWKHDGGLWLRQRIWKHQRUPDOIRUFHVGXH
WR ERWK IHHW )LJ E SORWV WKHPHGLRODWHUDO DQG DQWHURSRVWHULRUPRPHQWV SURYLGHG E\ WKH
FRQWDFWPRGHODQGWKHLQYHUVHG\QDPLFV
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
)LJXUH*URXQGUHDFWLRQFRPSRQHQWV67$WKLFNOLQHVYV)3WKLQOLQHVxFRPSRQHQWEOXHyFRPSRQHQW
JUHHQzFRPSRQHQWUHG

)LJXUH&RPSDULVRQDPRQJJURXQGUHDFWLRQVIURPLQYHUVHG\QDPLFV,'FRQWDFWPRGHO&0DQGIRUFH
SODWHV)3DYHUWLFDOIRUFHEKRUL]RQWDOPRPHQWV
,W FDQEH VHHQ WKDW WKH WRWDO QRUPDO IRUFHREWDLQHG IURP LQYHUVHG\QDPLFV LVZHOO UHSUR
GXFHGE\WKHWRWDOQRUPDOIRUFHREWDLQHGDVWKHDGGLWLRQRIWKHQRUPDOIRUFHVSURYLGHGE\WKH
IHHWGXHWRWKHRSWLPL]HGFRQWDFWPRGHO0RUHRYHUWKHQRUPDOIRUFHDWHDFKIRRWPHDVXUHGE\
WKHIRUFHSODWHVGXULQJ WKHH[SHULPHQW LVZHOODGMXVWHG WRRE\WKHQRUPDO IRUFHDWHDFKIRRW
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GXHWR WKHRSWLPL]HGFRQWDFWPRGHO2Q WKHRWKHUKDQGDQDFFHSWDEOHDJUHHPHQWLVDOVRRE
VHUYHGEHWZHHQ,'DQG&0IRUWKHWZRKRUL]RQWDOFRPSRQHQWVRIWKHUHDFWLRQPRPHQW
,Q)LJWKHUHVXOWVRIPDWFKLQJWKH&0IRUFHVWRWKHLQYHUVHG\QDPLFVE\VKDULQJWKH
UHVLGXDO&0PDUHGLVSOD\HG7KHUHVXOWVREWDLQHGIRUWKHYHUWLFDOIRUFHDQGLWVFRUUHVSRQG
LQJPRPHQWVDUHLQWHUPVRIPD[LPXP506HUURUEHWWHUWKDQWKRVHREWDLQHGE\WKH67$

)LJXUH*URXQGUHDFWLRQFRPSRQHQWV&0PWKLFNOLQHVYV)3WKLQOLQHVxFRPSRQHQWEOXHyFRPSRQHQW
JUHHQzFRPSRQHQWUHG
,WPXVW EH VDLG WKDWPRGHOLQJ WKH IRRW DV WZR VHJPHQWV SURYHG WR EH UHOHYDQW D VLQJOH
VHJPHQWIRRWPRGHOZDVDOVRWHVWHGEXWLWOHGWRQRWDEO\KLJKHUHUURUV
7KHGLVFRQWLQXLWLHVVKRZQE\WKHIRUFHDQGPRPHQWV\LHOGHGE\WKHFRQWDFWPRGHODUHSUH
VXPDEO\GXHWRWKHIDFWWKDWWKHPRWLRQLVLPSRVHG7KLVDORQJZLWKWKHIDFWWKDWWKHWLPHVWHS
XVHGE\WKHPRWLRQFDSWXUHV\VWHPPVLVUDWKHUODUJHIRUFRQWDFWSUREOHPVPHDQVWKDWD
FRQWDFWVSKHUHPLJKWXQGHUJRVXGGHQ LQGHQWDWLRQ LQFUHPHQWV IURPRQH WLPHVWHS WRDQRWKHU
0RUHRYHUQRPHFKDQLVPKDVEHHQSURYLGHGLQRUGHUWRKDQGOH WKHYDULDWLRQRIVWLIIQHVVGH
SHQGLQJRQWKHQXPEHURIDFWLYHVSKHUHV2WKHUSRVVLEOHFDXVHLVWKHQRWDEOHHUURULQWKHFDS
WXUHGSRVLWLRQVRIWKHPDUNHUVDWWKHIHHWZKLFKIXUWKHUDPSOLILHVWKHPHQWLRQHGSUREOHP
5HJDUGLQJHIILFLHQF\WKHRSWLPL]DWLRQSURFHVVWKDWOHGWRWKHSUHVHQWHGUHVXOWVWRRNDZDOO
FORFN WLPH RI DURXQG  VHFRQGV RQ DQ ,QWHO &RUH L  FRPSXWHU DQG URXJKO\ UHTXLUHG
IXQFWLRQHYDOXDWLRQVEHLQJWKHVHILJXUHVUHSUHVHQWDWLYHRIWKHJHQHUDOWUHQGREVHUYHG
GXULQJWKHVWXG\
$WWKHYLHZRIWKHUHVXOWVDQGWKHFRPSXWDWLRQDOHIIRUWUHTXLUHGE\WKLVRSWLPL]DWLRQSUR
FHVV LW LVFOHDU WKDW WKHSURSRVHGPHWKRG LVQRW VXLWDEOH WREHDSSOLHGDW HDFK LWHUDWLRQRID
SUHGLFWLYHRSWLPL]DWLRQSURFHVVKDYLQJWKHPRWLRQDVGHVLJQYDULDEOHVDVORQJDVWKHUHTXLUHG
FRPSXWDWLRQWLPHVZRXOGEHWRRKLJK,QVWHDGLWVHHPVPRUHUHDVRQDEOHWRXVHWKLVWHFKQLTXH
WRREWDLQDIRRWFRQWDFWPRGHOWKDWFRXOGEHDSSOLHGRQDSUHGLFWLYHRSWLPL]DWLRQSURFHVVKDY
LQJHLWKHUWKHPRWLRQRUWKHH[FLWDWLRQVDVGHVLJQYDULDEOHV,QVXFKDFRQWH[WLWZRXOGEHH[
SHFWHG WKDW WKH REVHUYHG GLVFRQWLQXLWLHV LQ WKH UHDFWLRQV SURGXFHG E\ WKH FRQWDFW PRGHO
YDQLVKHGLQWKHILUVWFDVHWKHRSWLPL]HUZRXOGPRYHDZD\IURPPRWLRQVFDXVLQJGLVFRQWLQXL
WLHVGXHWRWKHLUKLJKPHWDEROLFFRVWLQWKHVHFRQGFDVHIRUZDUGG\QDPLFVZRXOGEHUXQDW
HDFKIXQFWLRQHYDOXDWLRQWKXV\LHOGLQJDVPRRWKSURILOHRIWKHFRQWDFWUHDFWLRQV
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)RU WKH XVH RI WKHPHWKRG LQ WKH DERYHPHQWLRQHGZD\ LWZRXOG EH DGYLVDEOH WR VHW WKH
VDPHPRGHOIRUERWKIHHW+RZHYHUWKLVKDVQRWEHHQGRQHLQWKHSUHVHQWZRUNVLQFHWKHH[
FHVVLYH LQDFFXUDF\ LQPDUNHU ORFDWLRQ OHG WRQRQVDWLVIDFWRU\ UHVXOWV7KHUHIRUHPRUHDWWHQ
WLRQ VKRXOG EH SDLG WR PDUNHU ORFDWLRQ HVSHFLDOO\ LQ WKH IHHW LQ WKH H[SHULPHQW $OVR LW
ZRXOGEHUHFRPPHQGDEOHWRFDUU\RXWH[SHULPHQWVDWGLIIHUHQWJDLWVSHHGVDVLQ>@LQRUGHU
WRDGMXVWWKHPRGHOWRDOORIWKHPRUWRVHHNDUHODWLRQVKLSEHWZHHQWKHFRQWDFWPRGHOSDUDPH
WHUVDQGWKHJDLWVSHHG)LQDOO\WKHPHWKRGVKRXOGEHH[WHQGHGWRWKHJHQHUDOFDVHLQFOXGLQJ
WDQJHQWLDOFRQWDFWIRUFHVDOWKRXJKWKLVREMHFWLYHPLJKWQHHGWREHDSSURDFKHGLQDGLIIHUHQW
ZD\
5 CONCLUSIONS 
7KHVROXWLRQRI WKHGRXEOH VXSSRUWSUREOHPGXULQJJDLW LH WKHGHWHUPLQDWLRQRIJURXQG
UHDFWLRQVIURPDJLYHQPRWLRQZLWKRXWWKHKHOSRIIRUFHSODWHVDOORZVHVWLPDWLQJWKHMRLQWHI
IRUWV WKDWJHQHUDWHG WKHPRWLRQ7KHGLIILFXOW\RI WKHSUREOHPFRPHV IURP WKHJURXQG UHDF
WLRQV LQGHWHUPLQDF\ WKDW RFFXUV GXULQJ WKH GRXEOH VXSSRUW SKDVH RI JDLW ,Q WKLV SDSHU
GLIIHUHQWPHWKRGVIRUVROYLQJWKHGRXEOHVWDQFHSUREOHPLQKXPDQJDLWKDYHEHHQSUHVHQWHG
DQGFRPSDUHG$SDUWIURPWKHXVHRIIRUFHSODWHPHDVXUHPHQWVWZRPHWKRGVWKDWGRQRWXVH
IRUFHSODWHLQIRUPDWLRQDUHDGGUHVVHGQDPHO\WKHVPRRWKWUDQVLWLRQDVVXPSWLRQDQGWKHXVHRI
DIRRWJURXQGFRQWDFWPRGHO
%DVLFDOO\WKHLGHDLQWKHODWWHUDSSURDFKLVWRVHHNWKHSDUDPHWHUVRIDIRUFHFRQWDFWPRGHO
WKDWSURGXFHWKHVDPHUHDFWLRQIRUFHVDQGPRPHQWVWKDQWKRVHHVWLPDWHGIURPLQYHUVHG\QDP
LFV,QWKLVZRUNRQO\WKHFRQWDFWVXUIDFHDQGQRUPDOIRUFHSDUDPHWHUVKDYHEHHQFRQVLGHUHG
DVGHVLJQYDULDEOHVEHLQJWKHQRUPDOUHDFWLRQIRUFHDQGWKHKRUL]RQWDOFRPSRQHQWVRIWKHUH
DFWLRQPRPHQWWKHPDJQLWXGHVZKRVHHUURUKDVEHHQPLQLPL]HG
7KHSURSRVHGIRUFHEDVHGDSSURDFKKDVVKRZQDJRRGFRUUHODWLRQZLWKPHDVXUHPHQWVWDN
HQIURPIRUFHSODWHVDQGWKHFRPSXWDWLRQDOWLPHVUHTXLUHGKDYHEHHQNHSWPRGHUDWHGVRPH
VHFRQGV7KHUHIRUHLWFRXOGVHUYHWRJHQHUDWHIRRWJURXQGFRQWDFWPRGHOVWREHXVHGZLWKLQ
RSWLPL]DWLRQSURFHVVHVDLPHGDWSUHGLFWLQJWKHPRWLRQRIUHDOVXEMHFWVXQGHUYLUWXDOFRQGLWLRQV
7KLVNLQGRIWRROZRXOGEHRIJUHDWKHOSWRDQWLFLSDWHWKHUHVXOWRIVXUJHU\RUWRKHOSLQWKHGH
VLJQRISURVWKHWLFRUWKRWLFGHYLFHV+RZHYHUIRUVXFKDQDSSOLFDWLRQIXUWKHUZRUNVKRXOGEH
GRQHLQWKHIXWXUHHVSHFLDOO\LQWKHGLUHFWLRQRIHOLPLQDWLQJWKHIRUFHDQGPRPHQWGLVFRQWLQXL
WLHV
,WVKRXOGEHQRWHGWKDWWKHPHWKRGLVQRWLQWHQGHGIRULGHQWLI\LQJWKHDFWXDOSDUDPHWHUVRI
WKH IRRWJURXQGFRQWDFW VLQFH WKDWZRXOG UHTXLUH DPXFKPRUHSUHFLVHPHDVXUHPHQWRI WKH
IRRWPRWLRQGXULQJVXSSRUWSKDVH

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